ABSTRACT The problem of sampled-data L 2 − L ∞ consensus control for the multi-agent systems with nonlinear dynamics and external disturbances is investigated via dynamic output feedback (DOF) strategy. Both the control input and the measured output are sampled. By employing the input/output delay approach, the multi-agent system with sampled-data DOF control protocol is transformed into the closed-loop system with bounded time-varying delays. Then, by using matrix theory, graph theory, Lyapunov stability theory, and some decoupling methods, sufficient conditions for the sampled-data L 2 − L ∞ consensus of the closedloop system are derived under fixed and switching topologies, respectively. The desired gains can be obtained by solving a set of linear matrix inequalities. Finally, two numerical examples are provided to illustrate the effectiveness of the proposed DOF control protocol.
I. INTRODUCTION
Over the last few decades, cooperative control of multi-agent systems has always been a hot topic in various scientific communities because of its rather diverse applications in many fields such as satellite formation flying, wireless sensor networks, robotics, and intelligent transportation systems [1] , [2] . To accomplish some complicated tasks, the dynamic agents of multi-agent systems might be required to interact with each other and eventually arrive at an agreement on certain quantities of interest [3] - [5] . Therefore, consensus control, one of the most important parts of coordination control, has received considerable attention from the systems and control community. A great number of fundamental results on the subject have been reported; see, e.g., [6] - [11] and references therein.
With the rapid development of digital technology, most control systems are equipped with modern devices whose signal transmissions or implementations are in digital ways. In this case, even if the multi-agent system is continuoustime, the control law can merely use the data sampled at discrete sampling instants. Due to the maturity of such a digital technology, the continuous-time systems with sampled controllers have many advantages over the continuoustime systems with continuous controllers or the directed discrete systems. As pointed out in [12] , [13] , the digital controller designed based on the sampled controller has higher reliability and faster control rate. Additionally, in engineering applications, the broad bandwidth of networks is required for the transmission of continuous signals, which, in most cases, is not available [14] . Recently, a rich body of literature appears on various systems with sampled controllers [15] - [22] . However, it is noted that the external disturbances were not taken into consideration in the works mentioned above. In a practical multi-agent system, the dynamic agents are inevitably influenced by external disturbances, which might lower the system performance and even lead the system to diverge or oscillate.
L 2 − L ∞ control (also called energy-to-peak control) is an important branch of modern control theory to deal with systems with external disturbances. This control guarantees that the L 2 − L ∞ gain from the external disturbances to the controlled output is less than a prescribed disturbance attenuation level provided that the disturbance is energybounded [23] . The advantage of L 2 − L ∞ control lies in its insensitivity to the accuracy of disturbance signals. Over the past twenty years, the L 2 − L ∞ control based on sampleddata has been studied for LPV systems [24] , multi-rate lifted models [25] , and singular systems [26] . However, to our knowledge, no result on sampled-data L 2 − L ∞ control for multi-agent systems has been reported so far.
In this paper, the sampled-data L 2 − L ∞ consensus control of nonlinear multi-agent systems subjected to external disturbances is considered. The problem to be addressed is to determine a DOF control protocol with sampled-data in control input and measured output such that the multiagent system achieves consensus asymptotically and the closed-loop system has a L 2 − L ∞ disturbance attenuation index. By utilizing the input/output delay approach, the multi-agent system with discrete-time sampled-data control protocol is transformed into the closed-loop system with bounded time-varying delays. Then, with the assistance of matrix theory, graph theory, Lyapunov stability theory, and some decoupling methods, sufficient conditions for the solvability of the sampled-data L 2 − L ∞ consensus control problem are derived under fixed and switching topologies, respectively. It is worth pointing out that the desired gains can be obtained by solving a set of linear matrix inequalities (LMIs). Furthermore, the design conditions proposed in this paper allow one to determine reducedorder DOF control protocol without imposing any constraints on the system parameters. Finally, two numerical examples are provided to illustrate the effectiveness of the obtained results.
II. PRELIMINARIES
Throughout this paper, 1 n denotes n × 1 column vector with elements being all ones, 0 n the n × 1 column vector with elements being all zeros, and I n the n × n dimensional identity matrix. Let L c = [L c ij ] be a systematic matrix with L c ij = n − 1/n for which i = j and L c ij = −1/n for which i = j. R n and R m×n denote the n × 1 and m × n dimensional Euclidean spaces, respectively, and || · || denotes the Euclidean norm. For a symmetric matrix N , if N > 0 (N ≥ 0), then N is positive definite (positive semi-definite). The superscripts 'T ' and '−1' stand for the transpose and the inverse of a matrix. For a square matrix E, He(E) is defined as He(E) = E + E T . In symmetric block matrices or long matrix expressions, the symbol * is used to represent a term induced by symmetry. Diag{M 1 , M 2 , . . . , M n } is a diagonal matrix with diagonal blocks being M 1 , M 2 , . . . , M n . The Kronecter product of matrices A ∈ R m×n and B ∈ R p×q is written as A ⊗ B ∈ R mp×nq . L 2 [0, ∞) denotes the space of square-integrable vector function over [0, ∞), and the bounded energy is expressed by ||w(t)|| 2 = w T (t)w(t) for ∀w(t) ∈ L 2 [0, ∞). If not explicitly stated, matrices are assumed to have compatible dimensions for algebraic operations.
Let G = (V, E, A) be an undirected graph of order n. The nodes are in the set V = {v 1 , v 2 , . . . , v n }, the set of edges E ⊆ V × V, and the node indexes belong to I = {1, 2, . . . , n}. A = [a ij ] is a symmetric adjacency matrix with a ij ≥ 0. Moreover, it is assumed that a ii = 0 for all i ∈ I. The Laplace matrix of undirected graph G is described by L = ϒ − A, where ϒ = [ϒ ij ] is a diagonal matrix with ϒ ii = n j=1 a ij . The set of neighboring nodes connected to any node v i is denoted by
If there is a path from every node to every other node, the graph is said to be connected.
Lemma 1 [3] , [27] 
There exists an orthogonal matrix U
Let L ∈ R n×n be the Laplace matrix of a given undirected graph, then
where [29] : Given a real scalar ρ > 0 and real matrices , U i , V i and X i , i ∈ I, if the following condition holds
Lemma 4 [30] , [31] : For matrices X , Y and J > 0 with appropriate dimensions, the following inequality holds
Consider a class of multi-agent system consisting of n agents with nonlinear dynamics and external disturbances. The model of the i-th agent is described bẏ
where 
where α is a positive constant.
25134 VOLUME 5, 2017 As in [32] , the control signal is assumed to be generated by a zero-order hold circuit with a sequence of holding times
where u id is a discrete-time control signal, lim k→∞ t k = ∞ and the time-varying delay τ (t) = t − t k is piecewise linear with derivativeτ (t) ≤ θ < 1. The measured output is assumed to be available at discrete sampling instants 0 < σ 1 
where y id is a discrete-time output signal, lim k→∞ σ k = ∞ and the time-varying delay η(t) = t − σ k is piecewise linear with derivativeη(t) ≤ ε < 1. In this paper, we ignore the influence of sampled signal on external disturbances w i (t) in measured output. Assume all sampling and holding times satisfy
At the end of this subsection, the consensus definition is given as follows:
The multi-agent system (1) achieves consensus asymptotically with given u i (t), if, under the condition that w i (t) = 0, the states of agents satisfy
B. PROTOCOL DESIGN
The following DOF control protocol is presented to guarantee the consensus of system (1):
where v i (t) ∈ R m k is the state of the proposed control protocol, and a ij is the adjacency element of undirected graph G. LetĀ
where A k , B k , C k and D k are real constant matrices representing the gains to be determined, A k , B k , C k and D k are unknown matrices representing gain perturbations. The gain perturbations of the control protocol considered in this paper are assumed to satisfy
where M k , N k are known real constant matrices, and F k is an unknown matrix satisfying
Notice that the DOF control protocol is of full-order when m k = m, and it will be reduced to the static output feedback (SOF) one when m k = 0.
Combining (1), (3), (4) and (6) yields the following closedloop system:
where
The strict consensus defined in Definition 1 is hard to achieve because of the external disturbances. To quantize the effect of external disturbances w(t) on controlled output z(t), the following definition is given. Definition 2: Given a scalar γ > 0, the closed-loop system (10) is said to have a disturbance attenuation index γ , if, under zero initial condition, the following
holds, where z(t)
wz (s) is the closed-loop transfer function from the external disturbances w(t) to the controlled output z(t).
The sampled-data L 2 − L ∞ consensus control problem to be addressed in this paper can be described precisely as follows: given a nonlinear multi-agent system subjected to external disturbances in the form of (1) and a prescribed scalar γ > 0, design a sampled-data DOF control protocol (6) , such that the multi-agent system (1) achieves consensus asymptotically and the closed-loop system (10) has a L 2 − L ∞ disturbance attenuation index γ .
C. MODEL TRANSFORMATIONS
In this part, model transformations on the system (10) are presented as follows:
Step 1: Definē
then one has (12) wherex
According to Lemma 1, it follows thaṫ
Step 2: As noted in Lemma 1, there exists an orthogonal matrix U = [U 1 U 2 ] ∈ R n×n with U 2 = 1 n √ n being its last column. Perform the following orthogonal transformationŝ
then the system (13) can be rearranged as follows:
Note that the system (15) can be divided into the following two subsystems:
Step 3:
The system (16) can be rewritten aṡ
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that is, given a multi-agent system in the form of (1) and a prescribed scalar γ > 0, design a sampled-data DOF control protocol (6) , such that the system (17) 
In this part, matrix theory and Lyapunov stability theory are employed to investigate the stability and L 2 − L ∞ performance of system (17) 
and
hold, where
Choose the following Lyapunov-Krasovskii functional candidate
then the time derive of V t along the trajectory (17) iṡ
According to Lemma 2, one gets
By Lemma 1, (14) and
it is easy to prove
For any vector x and y, the following hold
By means of Lemma 1, (2), (22), (23) and (24 ), it follows that
Combining (21) and (25), one can conclude thatV t < 0 can be guaranteed if the following holds true
Defining
T , under the condition thatŵ 1 (t) = 0, the inequality (26) can be rearranged as
From (19) we have (27) . Thus the asymptotic stability of system (17) is guaranteed. Next, we show that system (17) has a L 2 −L ∞ disturbance attenuation index γ . Let us define the following index:
By the zero initial condition, one has
Clearly, < 0 ⇒ J (t) < 0, and < 0 is equal to (19) . Furthermore, from J (t) < 0, one gets
Then apply Schur complements to (20) , the following satisfiesẑ
Taking the maximum value of ẑ 1 (t)
for any 0 =ŵ 1 (t) ∈ L 2 [0, ∞). Thus, the proof is completed.
Up to now, the analysis for stability and L 2 − L ∞ performance of system (17) has been completed. The following will show the synthesis of sampled-data L 2 − L ∞ consensus control by dealing with the coupling terms appeared in (19) . Define
Then, we can present the following theorem: 18 = α(I n−1 ⊗ (PD)), (18) , (28) and (29), one has
Theorem 2: Suppose that the fixed interaction graph G is connected. For given disturbance attenuate index γ > 0, the system (17) is asymptotically stable and with
Tŵ1ˆz1 L 2 −L ∞ < γ , if there exist positive definite matri- ces P ∈ R (m+m k )×(m+m k ) , Q ∈ R (m+m k )×(m+m k ) , R ∈ R (m+m k )×(m+m k ) ,            , 12 =          +R +Q + I + 1 I n−1 ⊗ (N k F 2 ) T (N k F 2 ) , 12 = I n−1 ⊗ (F 3 YF 2 ), 13 = L 1 ⊗ (F 4 YF 5 ), 14 = I n−1 ⊗ PĒ + L 1 ⊗ (F 4 YF 6 ), 15 = I n−1 ⊗ (PF 1 − F 1 X ) + I n−1 ⊗ ρ (YF 2 ) T , 16 = I n−1 ⊗ (PF 3 − F 3 X ), 17 = I n−1 ⊗ (PF 4 − F 4 X ),19 = I n−1 ⊗ (PF 1 M k ), 110 = I n−1 ⊗ (PF 3 M k ), 111 = L 1 ⊗ (PF 4 M k ), 22 = (θ − 1)R + 2 I n−1 ⊗ ((N k F 2 ) T (N k F 2 )) , 26 = I n−1 ⊗ ρ (YF 2 ) T , 33 = (ε − 1)Q + 3 I n−1 ⊗ (N k F 5 ) T (N k F 5 ) , 34 = 3 I n−1 ⊗ (N k F 5 ) T (N k F 6 ) , 37 = L 1 ⊗ ρ (YF 5 ) T , 44 = −γ I (n−1)m 2 + 3 I n−1 ⊗ (N k F 6 ) T (N k F 6 ) , 47 = L 1 ⊗ ρ (YF 6 ) T , 55 = −ρ(I n−1 ⊗ X ) − ρ(I n−1 ⊗ X T ), 66 = −ρ(I n−1 ⊗ X ) − ρ(I n−1 ⊗ X T ), 77 = −ρ(I n−1 ⊗ X ) − ρ(I n−1 ⊗ X T ).
In this case, the designed gain matrix is given by
The matrix inequality (19) in Theorem 1 can be rewritten as
By (8), it follows that
then, by using Schur complements, is equal to
, where
By Lemma 4 and (9), it follows that
Furthermore, from (31), one gets
then by using Lemma 3, + < 0 can be guaranteed by
Subsequently, by using Schur complements, (33) can be rewritten as 
, which can guarantee (30) by using Lemma 3 and Shur complements. Thus, the proof of Theorem 2 is completed.
B. SWITCHED TOPOLOGY
To describe the variable topologies, a piecewise-constant switching signal function σ (t) : [0, ∞) −→ S = {1, 2, . . . , T } is defined, where T is the total number of switching topologies. The interaction graph and corresponding Laplace matrix at time t is denoted by G σ (t) and L σ (t) . The i-th positive eigenvalue, the smallest nonzero eigenvalue, and the largest nonzero eigenvalue of the Laplace matrix L σ (t) are denoted by λ σ (t)i , λ mσ (t) , and λ M σ (t) , respectively. In the case of switching topology, the control protocol in (6) can be rewritten aṡ
If the switching network is connected all the time, then by Lemma 1 there exists an orthogonal matrix
The closed-loop system under switching topologies needs to be transformed into the following form:
The analysis and synthesis conditions for sampled-data L 2 − L ∞ consensus control of the system (34) are given by the following two theorems. Theorem 3: Suppose that the switching interaction graphs G σ (t) are all connected. For a disturbance attenuation index γ > 0, the system (34) is asymptotically stable and with (20) in Theorem 1 and following LMI
are synchronously satisfied for λ i = λ m i and
Proof: By the proof of Theorem 1, the system (34) is asymptotically stable and with the L 2 − L ∞ disturbance attenuation index γ , if (19) (where L 1 is replaced by L 1σ (t) ) and (20) hold true. Then, with the help of Schur complements, it suffices to show the following:
Since the interaction graphs
, there exists orthogonal matrix U 1i ∈ R (n−1)×(n−1) such that the following expression holds
. . , λ (n−1)i }. Left and right multiply (36) withŪ T 1i = U T 1i ⊗ I m+m k and U 1i = U 1i ⊗I m+m k , respectively. Then, in view ofŪ T 1iPŪ 1i = P, it is easy to prove that (36) can be guaranteed bȳ
By using Schur complements, inequality (37) is equal to
In view of convex property of LMI, (38) can be guaranteed by (35) . Thus, the proof is completed. 
, positive scalar 1 , 2 , 3 , ρ and matrices X , Y such that (20) in Theorem 1 and the following hold for
In this case, the designed gain matrix is given by
The proof of this theorem is similar to Theorem 2 above and thus omitted for brevity. 
The interaction graphs are depicted in Figure 1 
In the simulations, the initial states are sampled independently from the standard normal distribution. The disturbance inputs are set to be
Under the sampled-data control protocol with gain (40) , the state responses of the four agents with w(t) = 0 are depicted in Figure 2 and Figure 3 , from which one can observer that the multi-agent system (1) achieves the asymptotical consensus. Defining 
In the simulations, the initial states are sampled independently from the standard normal distribution and the disturbance inputs are chosen as (41) . Under the sampleddata control protocol with gain (43), the state responses of the multi-agent system without disturbance are shown in Figure 6 , Figure 7 and Figure 8 . The curve of γ (t) defined FIGURE. 9. Evolution of γ (t ) in Example 2. Figure 9 . It can be seen from Figure 9 that sup t γ (t) = 0.0091, which is much less than the L 2 − L ∞ performance index γ min . Therefore, the simulation results confirm the effectiveness of the proposed sampled-data control protocol for the multiagent system.
in (42) under the zero initial condition is shown in

VI. CONCLUSIONS
In this paper, the sampled-data L 2 −L ∞ consensus control of a class of nonlinear multi-agent systems subjected to external disturbances has been investigated under fixed and switching topologies. The DOF control protocol with sampled-data in control input and measured output has been designed by which the asymptotical consensus of the multi-agent system and the L 2 − L ∞ disturbance attenuation performance of the closed-loop system are guaranteed simultaneously. By means of the input/output delay approach, the multi-agent system with sampled-data control protocol has been transformed into the closed-loop system with time-varying delays whose derivatives are not greater than 1. Then, with the help of matrix theory, graph theory, Lyapunov stability theory, and some decoupling methods, LMI-based sufficient conditions for the solvability of the sampled-data L 2 − L ∞ consensus control problem have been presented. Finally, the effectiveness of the proposed control protocol has been illustrated by two numerical examples. 
